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On the Cramr—Rao Bound
Under Parametric Constraints
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Abstract—This letter presents a simple expression for the reduces to the results in [1] and [2] when the unconstrained
Cramér—Rao bound (CRB) for parametric estimation under dif-  F|M is full rank. We also present a necessary and sufficient

ferentiable, dgtermlnlstlc constraints on the parameters. In con- condition for the existence of the constrained CRB.
trast to previous works, the constrained CRB presented here

does not require that the Fisher information matrix (FIM) for

the unconstrained problem be of full rank. This is a useful Il. PROBLEM STATEMENT AND PRELIMINARIES
extension because, for several signal processing problems (such . 1

as blind channel identification), the unconstrained problem is L€t y be the vector of observations aflde R** be the
unidentifiable. Our expression for the constrained CRB depends vector of nonrandom parameters to be estimated fgoiwe

only on the unconstrained FIM and a basis of the nullspace of the restrict our attention to the class of unbiased estimators. We

constraint’s gradient matrix. We show that our constrained CRB denote the estimate @ by 0 and we require thall satisfies
formula reduces to the known expression when the FIM for the k (k < n) continuously differentiable constraints

unconstrained problem is nonsingular. A necessary and sufficient

condition for the existence of the constrained CRB is also derived. f(@) —0 (1)
Index Terms— Blind channel identification, Craméer—Rao .
bound, equality constraints, parametric estimation. We assume that the s¢@|f(#) = 0} is nonempty (i.e., the
constraints are consistent). Let thex n gradient matrix of
l. INTRODUCTION the constraints be defined by
HE CRAMER-RAO bound (CRB) matrix provides a F(6) = af(9) @)
lower bound on the covariance matrix of any unbiased 90"

estimate of a nonrandom parameter vector. It is often used . . .
) . indom p . . 'Ilﬁe gradient matrixt”(@) is assumed to have full row rank
investigate the optimality of parametric estimators. In some

s . or any @ satisfying (1) (i.e., the constraints are nonredundant),
applications, the parameter space may be confined to a known . o (n—k)

) . ar]d hence there exists a mattixe R™*"~*) whose columns
subset of the Euclidean space through smooth funcuoqgrm an orthonormal basis for the nullspaceldfd), that is
constraints on the parameters. The CRB under the parametric P ’ '
constraints can be found by a reparameterization of the original FOU =0 (3)
problem to remove redundancies in the parameter vector.

However, this approach may be difficult, and may also hindehereU” U = I. Let p(y; 8) be the likelihood function of the
insights into the original unconstrained problem. observed data and denote

A constrained CRB expression has been obtained in [1] dloe n(u: 0

: ) : : _ Ologp(y; 0)

and [2] under the assumption that the Fisher information A= — 0 4)
matrix (FIM) for the original problem is nonsingular. Such _ o
an assumption may not hold in some problems. Some recéfen the FIM for theunconstrainedparameter estimation
examples of such problems include blind channel identificati¢fioblem is given by
[3] and blind symbol estimation [4], [5].

_ T
In this letter, we present a simple and general constrained J = E(AAT).

CRB that does not require the FIM for the unconstrained profy- 7 is nonsingular, the/ ™! is the unconstrained CRB for
lem to be full rank. We show that our constrained CRB formulge error covarianée matrix of any unbiased estimate.of

Furthermore, in such a case the constrained CRB is given by
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Fact: Let @ be an unbiased estimate @#fkatisfying (1) and  Corollary 1: AssumedJ is positive definite and omit the
let U be as defined in (3). Then under regularity condittonsargument of*(@) for notational convenience. Then

; T T _ T
E((@—0)A" ) UU" =UU". (5) UUT U UT =gt — JFT (R UET) RS

We are now ready to state the main result. (11)
Theorem 1:Let 8 be an unbiased estimate @fsatisfying
(1) and letU be defined via (3). W' JU is nonsingular, then Proof: Write J = J/2J%/2 and observe that

i 7 T T 1777
E((0-0)0-6)")2UU JU)" U (6) FU:O@FJ_(l/Q)Jl/QU:O<:>PJ1/2U
where equality is achieved if and only if :Pj—<T/2>FT
0 —0=UWTJU)"'U" A (in the mean square sens€7)
Wherer,(T/2>FT is the projection matrix onto the orthogo-

Proof. Let Pyy = UU" be the projection matrix onto
the column space oU and letW € R"*" be an arbitrary
matrix. Also, letd = @ — 6. Then
E(0 - WP A) (0 - WPA)TY

o) s ®
W B8 - wPy — PyWT + WPyJPyWT >0

nal complement of the column space .&t*/? F¥'. Thus

vwrguy-ut =g 2>P1J/2UJ—<T/ 2)
:J*(1/2)PJj_(T/2>FTJ*(T/2)

which yields (11). [ |
(8) The next proposition shows that the conditidh JU > 0 in
where equality (a) follows from (5) and inequality (b) is a conTheorem 1 is necessary and sufficient for the existence of the
sequence of the positive semi-definiteness of the covariartfigite) constrained CRB matrix. The lower bound in Theorem
matrix of @ — WPy A. Thus, we have 1 is thus the most general form of the constrained CRB matrix.
o Proposition 1: A necessary and sufficient condition for the
E@00 ) > WPy +PUWT - WPUJPUWT. (9) existence of a (finite) constrained CRB matrix is

The greatestlower bound is obtained as the supremum over UTJU| # 0. (12)
W of the right hand side of (9). LeU/X JU = QAQ" be
the eigendecomposition d7* JU, where QY@ = I. Since

T ) = o ; Proof: The sufficiency part follows from Theorem 1. To
U~ JU is positive definite|4| # 0. It can be readily shown

show the necessity of (12), suppose that (12) does not hold.

that . . Thencol (P Pyy) C col (Pyr) or equivalentlynull (Pgr) C
- nu. . P nu —nu
WPU+PUW WPUJPUW 11 (Pl]JPl]) Let p € null (Pl]JP[/) 1 (Pl]) and let
— l]QAleTl]T _ (Wl]Q _ l]QAfl) W = %ppT Whel’e||p|| = 1. Then it follows from (9) that

CAWUQ -UQA™)T.

Hence, the maximizingV satisfies

T
Tr (£(60)) > o||Pyell’;  ||1Pyell>0.

. 1T Since« can be chosen arbitrarily large, no unbiased estimate
wu=vQA— Q. (10) of # with bounded variance exists in such a case. ]
Substituting (10) into (9) gives the result The constrained CRB expression in (6) can be applied to
__7 T v 1T problems where the unconstrained estimation problem leads
E@0 ) >UU" JU) U". to a singular FIM. Possible applications include blind and

semi-blind channel identification and equalization, directions

If the equality in (6) holds true, then we see from (8) that . =l . -
of arrival estimation in array processing, and spectrum esti-

E(0 - WP[A)(6 - WPyA)T mation. The result in Proposition 1 can also be used to check
=UUrIu)y Ut —wrey - Pgw” the identifiability of the constrained problem.
+WPyJPgW*

which holds for everyW. In particular, if W satisfies (10), IV. A BLIND CHANNEL |DENTIFICATION EXAMPLE

then E(6 — WPy A)(0 — WPrA)T = 0 which implies (7)  In this section, we compute the constrained CRB for a
holds. On the other hand, if (7) holds, then it is trivial to showlind channel identification example (more details on this

thatE(ééT) =uWTIu)-Ur. m application will be presented elsewhere [8]). The data model is
The next corollary shows that the lower bound obtained
in Theorem 1 reduces to the constrained CRB expression Ty = Hsy + vy, (13)

obtained in [1] and [2] whe is positive definité
[ [2] P where xz;, is the received signal at théth time instant,

1The regularity conditions are required for the interchange of certai PxL j - _ T
integration and differentiation operators (see [6] for details). HecC is the channel matrixs; = [Sk’ ’Sk_L'H]

2An alternative algebraic proof of (11) as a matrix identity was also givelr$ the L x 1 \{ector of qata S_ymbo_ls' andy .'S a vector
in [7, Lemma 1]. of additive white Gaussian noise with covarianc&l. The
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0.3079 4 50.0698 0.1657 4- 70.2304 0.0198 — 50.3823 0.0929 — 70.1853

H = —0.1841 + 50.3294 0.4484 — 70.1689 0.0156 4 j0.1526 0.4750 — j0.0952
10" e page. Fig. 1 compares the mean square error (MSE) of the
- - Memodotiy | channel parameter estimates obtained via the method of [3]
| Gonstrained CRS |- with the constrained CRB, for various values of signal-to-

noise ratio (SNR). The MSE (per real channel coefficient) is
defined aMSE = (1/16N,,) S ||h; — h||2 whereh; is the
channel estimate obtained in thih trial and V,,, is the total
number of trials. In our exampley,, = 100. The SNR is
defined asSNR = 10log, 0(1/02). We observe that as the
SNR increases, the method’s MSE approaches the constrained

CRB.
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